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Abstract 

Any refinement system (= functor) has a fully faithful representation in the refinement system of 
presheaves, by interpreting types as relative slice categories, and refinement types as presheaves over those 
categories. Motivated by an analogy between side effects in programming and context effects in linear logic, 
we study logical aspects of this "positive" (covariant) representation, as well as of an associated "negative" 
(contravariant) representation. We establish several preservation properties for these representations, 
including a generalization of Day's embedding theorem for monoidal closed categories. Then we establish 
that the positive and negative representations satisfy an Isbell-style duality. As corollaries, we derive 
two different formulas for the positive representation of a pushforward (inspired by the classical negative 
translations of proof theory), which express it either as the dual of a pullback of a dual, or as the double dual 
of a pushforward. Besides explaining how these constructions on refinement systems generalize familiar 
category-theoretic ones (by viewing categories as special refinement systems), our main running examples 
involve representations of Hoare Logic and linear sequent calculus. 
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1 Introduction 


This paper continues the study of type systems from the perspective outlined in | Mellies and Zeilberger 2015). 
There, we suggested that it is useful to view a type system as a functor from a category of typing derivations 
to a category of underlying terms, and that this can even serve as a working definition of “type system" (or 
what we call a refinement system), as being (in the most general case) simply an arbitrary functor. 

Definition 1.1. A (type) refinement system is a functor t: 2) —> 7*. 

Definition 1.2. We say that an object P e D refines an object A e7~ (notated P c A) if t(P) = A. 


Definition 1.3. A typing judgment is a triple (P, c, Q), where c is a morphism of 7~ such that P iz dom(c) 
and Q IZ cod(c) (notated P => Q). In the special case where P and Q refine the same object P, Q iz A and c is 

C 

the identity morphism c = id, 4 , the t 5 ^ing judgment (P, c, Q) is also called a subtyping judgment (notated 

P=^Q)- 


Definition 1.4. A derivation of a (sub)typing judgment (P, c, Q) is a morphism a : P —> Q in 2) such that 
a 

t(a) = c (notated P Q). 

C 

It is useful to think of any category C as a trivial example of a refinement system in at least two ways - 
either as the identity functor idc : C —> C or as the terminal functor !c : C —> 1 - and in the sequel we will 
describe several general constructions on refinement systems, which reduce to classical constructions on 
categories seen as such degenerate refinement systems. Another important (and more guiding) example of 
a refinement system is Hoare Logic BHoare 19691 : 


• Take 7~ to be a category with a single object W representing the state space and morphisms c :W —> W 
corresponding to state transformers. 

• Take 2) to be a category whose objects P,Q e D are predicates over the state space W and whose 
morphisms (c, a) : P —» Q are commands c : W W equipped with a verification a that c will take 
any state satisfying P to a state satisfying Q. 

• Take t: 2) —> 7* to be the evident forgetful functor. 


In this case, a typing judgment is nothing but a Hoare triple {P}c{Q), and what the example highlights is that 
a typing judgment can describe not just a logical entailment but also a side effect (here the transformation c 
upon the state). 

In fact, one of our original motivations for studying this framework came from apparent cormections 
between side effects and linear logic, and in particular its proof theory BGirard 1987[|Andreoli 199211 . Let us 
illustrate this idea by considering the right-rule for multiplicative conjrmction ("tensor") in intuitionistic 
linear logic: 


T h A A h B 
T, A h A ® B 


(g>R 


Following the tradition of IGentzen 19351 , it is common to call A ® B the principal formula of the ®R rule, and 
A and B its side formidas. The letters T and A then stand for arbitrary sequences of formulas - often called 
contexts - which are carried through from the premises into the conclusion. Now, one can try to internalize 
the fact that the inference rule is parametric in T and A by first organizing contexts into some category AV. 
Assuming a reasonable definition of morphism (between contexts) in AV, any formula C then induces a 
presheaf C'*' : 'TF'°P —> Set by considering all the proofs of C in a given context: 


c+=ri-^{7T|rhC| 
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For example, we could take 'W as a category whose objects are lists (or multisets) of linear logic formulas 
and whose morphisms are linear substitutions, i.e., where a morphism A —> F is given by a lisf of proofs 

7Ti Tin 

h A.I * ■ * A.n H -A,I 

such that A = Ai,..., A„ and F = Ai,An- With that definition of 'W, the functorial action of is just 
to perform a mulficut: given a proof tt of F f- C and a linear substitufion cr : A F, one obtains a proof 
C'^(a)(7i) of A h C by cutting the proofs a = (tii, ..., 7i„) for the assumptions F = A\, ..., A„ in ti. 

Next, noting that for any pair of presheaves 

(pi : Cj*’ —> Set and (p 2 : C °2 Set 

one can construct their external tensor product as the presheaf (pi • (p 2 '■ (Ci x € 2 )°^ Set defined by 

{(pi • (p2){Xl,X2) = (pl{Xi) X (p2{X2), 

we might hope to represent the fact that the ®R rule is parametric in F and A by interpreting ®R as a 
natural transformation from the external tensor product A'^ • to the "internal" tensor product {A ® By. 
The difficulty is that this is not well-typed! The point is that A'*' • B'*' is a presheaf over the product category 
nv X AV, whereas (A ® By is a presheaf over AV, and so, literally interpreted, it does not make sense to 
speak of nafural transformations between them. What is missing is that the ®R rule also has an implicit 
"context effect", namely the operation of concatenating (or taking a multiset union of) F and A. If we make 
fhis operation explicit as a functor 

then we can literally interpret the ®R rule as an honest natural transformation: not directly between the two 
presheaves A'*' • B'*' to (A ® B)'*', but rather from A'*' • B'*' fo the presheaf (A ® B)'*' precomposed wifh fhe functor 

m. 

What this example exposes is the danger of limiting one's attention to a single presheaf cafegory, and 
if suggests taking an alternative approach: to use the language of t 5 rpe refinement to speak directly about 
presheaves living in different presheaf categories. Concretely, there is a refinement system defined as the 
forgetful funcfor u : Psh —> Cat, which sends a pair (C,(p) of a cafegory C equipped with a presheaf 
(p : C°P —> Set to the underlying category C. Our tentative interpretation of the ®R rule of linear logic as a 
"nafural fransformafion with side effects" can now be given a concise formulation, simply stating that ®R 
can be interpreted as a derivation of the typing judgment 

A+ •B^ ^ (A®B)+ 

m 

in the refinement system u : Psh ^ Cat. 

Moreover, it turns out that this presheaf interpretation of the sequent calculus of linear logic may be 
vastly generalized: in fact, any refinement system t : ID —> 7* can be given a presheaf interpretation, as 
a morphism of refinemenf systems t —^ u which is fully faifhful in an appropriate sense. The idea of 
representing logical formulas as presheaves over context categories was one of our original motivations 
for studying the notion of type refinement, and we believe that this embedding theorem sending any 
refinement system into u : Psh —> Cat justifies that point of view. After presenting some background in 
Section |2, we describe the "positive" representation (-)■*■ : t —> u of a refinement system together with 
an associated "negative" representation (—)“ : t°P —> u in Section |3- We also establish there a few basic 
properfies of fhese represenfations and consider various examples. Then, in Section 0 we show that the 
two presheaf represenfations P'*' and P~ of a refinemenf fype P c A satisfy a form of duality generalizing 
Isbell duality (i.e., the duality between the covariant and contravariant representable presheaves associated 
to an object of a cafegory under fhe Yoneda embedding). Finally, by combining this duality theorem with 
preservation properties of fhe fwo presheaf representations, we show that the positive representation (c P)'*' 
of a pushforward of a refinement P C A (in t : £) —^ 7”) along a morphism c : A —> B can be explicitly 
computed (in u : Psh ^ Cat) using either of two "negative translation"-style formulas, which express {cPy 
both as the dual of a pullback of a dual and as the double dual of a pushforward. 
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2 Preliminaries 

2.1 Basic conventions and definitions 


We recall some conventions from [Mellies and Zeilberger 2015 1 for working with functors as t 5 rpe refinement 
systems. Given a fixed functor t : 2) —> 7", we refer to the objects of T as types, to the morphisms of T' as 
terms, and to the objects of !D as refinement types (or refinements for short). Since these notions are relative to 
a functor t, to avoid ambiguity one can speak of t-types, t-refinements, and so on. We say fhat a judgment 
(P, c, Q) is valid in a given refinement system t if if has a derivation in the sense of Defn. ll.4L i.e., there exists 
a morphism a : P ^ Q in D which is mapped to c by the functor t. More generally, we say that a typing 
rule is valid when there is an operation transforming derivations of the premises into a derivation of the 
conclusion. For example, the rule 

P^Q Q=^R 


c;d 


R 


is valid for any refinemenf sysfem as an immediate consequence of funcforiality: given a morphism a : P ^ 
Q such thaf t(a) = c and a morphism |3 : Q —» P such fhat t(jS) = d, there is a morphism {w, fi) : P ^ R and 
moreover t(a;/3) = (t(a);t(|3)) = {c;d). 

We consider t-typing judgments modulo equality of terms (i.e., equality of morphisms in 7~), but often 
we mark applications of an equalify by an explicit conversion step (which can be seen as admitting the 
possibility that 7* is a higher-dimensional category, although we will not pursue that idea rigorously here). 
For example, the rule of "covariant subsumption" of subtyping (also called "post-strengthening" in Hoare 
Logic) 

P=^Q Q=^R 

C 

P=^R 

C 


can be derived from the composition typing rule (;) just above by 


P^Q Q=^R 


P=^R 

c;id 


P=^R 

C 


where at ~ we have applied the axiom c = (c; id) which is valid in any category. 

The notions of a cartesian morphism and of a fibration of categories IBorceux 19941 may be nafurally 
expressed in fhe language of refinement systems by first defining a pullback of Q along c as a refinement 

c‘Q 

c : A B Q\zB 
c*Q^A 

equipped with a pair of fyping rules 



C 



Rc* 


satisfying equations 




C 



P 


)S 


d;c 


Q 
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and 


P^c'Q c-Q^Q 

d c 


Lc* 


P^cQ = 

a 


P^Q 

d;c 

P^c'Q 

d ^ 


Rc' 


Dually, a pushforward of P along c is defined as a refinement c P 

P \zA c : A -> B 
cP c B 


equipped with a pair of typing rules 

P^Q 

c;d 

n Lc „ - Pc 

cP Q p ^ cP 

d c 

satisfying a similar pair of equations. Note that pullbacks and pushforwards are always determined up 
to vertical isomorphism, where we say that two refinements P, Q c A of a common type are vertically 
isomorphic (written P = Q) when there exists a pair of subtyping derivations 

a ^ 

P=^Q Q=^P 

which compose to the identities on P and Q. We record the following t 5 rpe-theoretic transcriptions of 
standard facts in the categorical literature: 

Proposition 2.1. Whenever the corresponding pullbacks and/or pushforwards exist: 

1) the following subtyping rules are valid: 

Qi^Qi Pi^Pi 

C*Qi^C*Q2 cPi=>cP2 

2) we have vertical isomorphisms 

{d;cfQ = d*c*Q {c;d)PsdcP id*QsQ idPsP 

A functor t: ID ^ is a fibration (respectively opfibration) if and only if a pullback c* Q (pushforward c P) 
exists for all compatible c and Q (c and P). The definition of a fibration (originally due to Grothendieck) 
is to a large extent motivated by the fact that there is an equivalence between fibrations 2) —> 7* and 
(pseudo)functors > Cat, and similarly between opfibrations T) ^ T and (pseudo)functors T Cat. 
The reader will observe that one direction of these equivalences is contained in Prop. l2.ll As the definitions 
make plain, though, it is possible to speak of specific pullbacks and pushforwards, even if t is not necessarily 
a fibration and/or opfibration. 

Recall that a category is monoidal if it is equipped with a tensor product and unit operation 

• :CxC^C I:1^C 

which are associative and unital up to coherent isomorphism, and that it is closed if it is additionally equipped 
with left and right residuation operations 

\ : C°P X C C / : C X C°P ^ C 

which are right adjoint to tensor product in each component: 

ax X \ Z) = C(X . X z) = C(X, Z / Y) 
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A (closed) monoidal refinement system is a refinement system T) ^ T such that T) and T are (closed) 
monoidal, and t strictly preserves tensor products (and residuals) and the unit. By our conventions, a 
monoidal refinement system thus admits the following refinement rules and typing rules 


Pi \zAi P2 c A2 
Pi • P2 c Ai • A2 I o I 


Pi => Qi P 2 => Qi 

Cl C2 

Pi • Pi => Qi • Q 2 1 => 1 

Cl‘C2 I 


(we are overloading notation for the monoidal structure on !D and 7~) while a closed monoidal refinement 
system admits the following additional rules: 


P\zA RcC QnB 

P\RnA\C RIQnCIB 


P»Q 


R 


P,{P\R)^R 

leval 


leval 


Q^P\R 

A[m] 


P»Q 


R 


iR/Q)*Q^R 

reval 


reval 


P^RIQ 

p[m] 


Moreover, derivations built using these typing rules satisfy a few equations, which we elide here. Finally, 
we remark that the notion of a closed monoidal refinement system can be generalized by allowing the 
residuation operations to be partial, i.e., by weakening the requirement that D and T be closed, while 
maintaining the requirement that the functor t : D —> 7* preserves any residuals which may exist in D. 
We call such a functor a logical refinement system. Whenever the corresponding residuals exist, a logical 
refinement system can be treated in essentially the same way as a closed monoidal refinement system, and 
in particular all of the above rules are valid. 


2.2 Morphisms of refinement systems 

Given a pair of refinement systems t: £) —> and b : £ —> S, by a morphism of refinement systems from 
t to b we mean a pair F = (F®, Fj-) of functors F^) : D S and F^ :T S such that the square 

t| lb 


commutes strictly. Omitting subscripts on the functors F, a morphism from t to b thus induces a pair of 
rules 


PizA 
F[P] c F[A] 


P^Q 

F[P] ^ F[Q] ^ 


transporting t-refinements to b-refinements and derivations of t-judgments to derivations of b-judgments. 

Given a pair of morphisms of refinement systems F = (F©, F 7 -) : t ^ b and G = {Go, Gr) : b —» t, an 
adjunction of refinement systems F H G consists of a pair of adjunctions of categories Fo H Go and Fj- H G 7 - 
such that the unit and counit of the adjunction Fo H Go are mapped by t and b onto the unit and counit of 
Ft—I Gt”. 


D 



t 


£ 

b 


T 



Gr 
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Writing l and o (without subscripts) for the unit and counit of both adjunctions F® H Go and Fj- H Gj-, an 
adjunction of refinement systems thus induces a pair of typing rules 


P gF[P] ' FG[Q] Q 

L 0 


in addition to the typing rules F and G, and we remark moreover that typing derivations constructed using 
these four rules are subject to various equations implied by the definition of an adjunction of categories, 
such as the triangle laws. 

Finally, we say that a morphism of refinement systems F : t —> b is fully faithful if the induced typing 
rule 

P^Q 

^ F[Q] ^ 

F[c] 

is invertible, in the sense that to any b-derivation 

F[P] ^ F[Q] 


there is a unique t-derivation 


such that 


F*jS 

P^Q 


F[P]^F[Q] = 

F[c] 


F*p 

P=^Q 

c 

F[P]^F[Q] 

F[c] 


Equivalently, a morphism of refinement systems F : t —> b is fully faifhful when the induced functor 
D ^ G x^7~ to the pullback of Ft and b is fully faifhful in the traditional categorical sense. 


2.3 Right adjoints preserve pullbacks 


We begin by establishing a basic result about adjunctions of refinement systems, analogous to the well- 
known fact that in an adjunction of categories the right adjoint functor preserves limits. Although a similar 
lemma was proved in [Ghani, Joharm, Fumex 2013| for fhe specific case of fwo fibrafions over the same base, 
we do not know whether this elementary observation on general func tors has already appeared somewhere 
in the literature. In particular, it is worth pointing out that Prop. Iz3 becomes vacuous if stafed in terms of 
traditional/ihred adjunctions IBorceux 19941 iHermida 19931 , since any morphism in the usual 2-category of 
fibrations must (by definition) preserve cartesian arrows. 

Proposition 2.2. If G : h ^ t is a right adjoint, then G sends h-pullbacks to t-pullbacks, i.e., for all c : A ^ B 
and Q c B, whenever the h-pullback c* Q exists, then the t-pullback G[c]* G[Q] exists, and moreover we have that 
G[c‘Q]sG[c]*G[Q]. 


Proof. We need to show that G[c* Q] is a pullback of G[Q] along G[c]. By definition, this means constructing 
a pair of typing, rules 


G[GQ]^G[Q] 

G[c] 


p G[Q] 

d;G[c] 

P^G[GQ] 

u 


RG[cY 


satisfying the f and rj equations. The left-rule is derived immediately from the left-rule for c* Q by applying 
G: 














The right-rule can be derived in a few more steps from the right-rule for c* Q, assuming the existence of an 
F such that F G: 


P G[Q] 

d;G[c] 

F[d];fG[c] 


rc[Q] Q 


F[P] => Q 
F[d];fG[c];o 

np] Q 

f[a];o;c 

F[P] ^ GQ 

F[d];o 


RG 


GF[P] 


GF[P] ^ G[c* Q] 

GF[rf];G[o] 


i;GF[d];G[o] 


G[c‘Q] 


P^G[GQ] 

a 


Here at ~i and ~2 we invoke, respectively, naturality of the counit and a triangle law for Fj- H Gj-. Finally, the 
fact that these typing rules satisfy the jS and i] equations can be verified by a long but mechanical calculation 
(see Appendix IaIi. □ 


By duality, we also immediately obtain the following: 

Proposition 2.3. IfF:t-^bisa left adjoint, then F sends t-pushforwards to h-pushforwards, i.e.,for all c : A ^ B 
and P \z A, whenever the t-pushforward c P exists, then the b-pushforward F[c] F[P] exists, and moreover we have 
thatF[c]F[P] =F[cP]. 

In passing, we note that Propositions l2.2l and l2.3l also imply the classical result about ordinary adjrmctions 
of categories. To see this, begin by observing that for any category C, one can consider the forgetful functor 
Cat H C ^ Cat as the refinement system of diagrams in C. Here Cat // C is the category whose objects 
are pairs of an indexing category I together with a functor cp : I C (hence, "diagrams in C"), and 
whose morphisms {I,(p) —» consist of a reindexing functor F : I ^ fj together with a natural 

transformation 6 : (p => {F;ip). The important point is that with respect to this refinement system, a 
pushforward of a diagram {I, (p) along the unique fimctor Ij : I —> 1 corresponds precisely to a colimit of 
the diagram (p : I ^ C (and more generally, the pushforward along a frmctor F : I ff corresponds to a 
left Kan extension of cp along F). Since an adjunction 



between two categories C and D lifts to a vertical adjunction 


Cat/L 

Cat // C ' i ^ Cat // D 



Cat 


between the respective refinement systems of diagrams. Prop. then implies that the left adjoint functor 
L sends colimits in C to colimits in D ( and more generally, it preserves left Kan extensions in Cat). By a 
similar argument, one can use Prop. l2.2l to derive that the right adjoint functor R sends limits in D to limits 
in C. 

Our main application of Propositions l2.2l and l2.3l in this paper will be the following corollary, about the 
distributivity properties of pullbacks and pushforwards with respect to tensors and residuals. 
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Proposition 2.4. If t: !D T' is a closed monoidal refinement system, then whenever the corresponding pullbacks 

and pushforwards exist we have vertical isomorphisms 

{c>d){P*Q)^cP>dQ (a) 

cP\d*R = {c\dy(P\R) (b) 

d'RlcQ = {dlcnRIQ) (c) 

Proof The subtyping judgments in the left-to-right direction are easy to derive, e.g., IjDl can be derived in 
any monoidal refinement system: 

P^cP Q^dQ 

c d 

P • Q => cP • dQ 
(c.d)(P.Q)^cP.dQ ^ ^ 

The assumption of monoidal closure implies thaf these are vertical isomorphisms, using the fact that t comes 
equipped with a family of adjunctions 



as well as a family of contravariant adjunctions 



for all P c A, Q c B, P c C. Explicitly, we have ita)! by 

(c •d){P»Q) = (id • d) (c • id) (P • Q) 
s (id»d) (cP»Q) 

= cP•dQ 

and © (and similarly ©) by 

cP\d*R = {id\dy {cP\R) 

= (id\d)‘(c\id)*(P\R) 

= (c \ dy (P \ R) 


(Prop.lzJ 

(- • Q H - / Q) 
{cP • — ^cP\-) 


(cP» —^cP\-) 
(R/-H-^ 
(Prop.Ell) 


where in the second-to-last step we use the fact that a t°P-pullback is the same thing as a t-pushforward. □ 


3 Representing refinement systems 

3.1 The refinement systems of presheaves and of pointed categories 

The refinement system of presheaves u : Psh ^ Cat is defined as follows: 
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• Cat is the category whose objects are categories and whose morphisms are functors. 

• Objects of Psh are pairs (^, (p), where J7I is a category and (p : —> Set is a contravariant presheaf 

over that category. 

• Morphisms (M, cp) —> {S, of Psh are pairs (F, 0), where F : Jl Sis a functor and 6 : (p ^ {F;ip) is 
a natural transformation. 

• u : Psh ^ Cat is the evident forgetful frmctor. 

We tjrpically write (j) c J7I to indicate that tj) is a presheaf over 3\, rather than the more verbose (j)) c 3\. 
This convention is unproblematic so long as we understand that there is an implicit coercion to view cp as 
an object of Psh. 

Proposition 3.1. u is a closed monoidal refinement system with all pullbacks and pushforwards. 

Proof. Pullbacks are defined by precomposition, pushforwards as coends0 

F-.m-^S ip^S 

F'lpizJl F‘ i/) = fl ip(Fa) 

(p\zJi F-.Ji-^S 

F(p \zS F (j) = 1-4 3a.S(b, Fa) x (p{a) 

Tensor products and residuals in Cat are defined using its usual cartesian closed structure (i.e., by building 
product categories and functor categories), and lifted to Psh as follows (we show only the definitions of 
presheaves, not the structural maps): 


(p\z.?{ \ptzS 


• pj 9lx S 

(/)•!/' = {a, b) 1-4 (p(a) X 

1 

III 

(po9l CO oC 



(p\co iz 191,C] 

cp\co=Fh^ Va.cp(a) 

—> co(Fa) 

CO zC ipzS 



CO / ip z [S,C] 

CO / ip"^’ F h-> Va.ip(a) 

—> co(Fa) 


Note that these definitions may be naturally generalized to the refinement system of 'V-valued presheaves 
over 'V-enriched categories, but for concreteness we only work with ordinary categories here. □ 

We can also identify a subsystem of u that will play an important analytical role later on. Let Cat, be the 
category whose objects consist of categories together with a chosen object a e J?l, and whose morphisms 
(J?I, a) -4 (S, b) are pairs (F, h) consisting of a functor F : .91 S together with a morphism h : F{a) —> 1? of 
S. The refinement system of pointed categories is defined as the evident forgetful functor s : Cat, ^ Cat. 
This is a "subsystem" of u in the sense that there is a vertical morphism of refinement systems y : s u, 
corresponding to the classical Yoneda embedding: 

Cat, Psh 

S U 

Cat Cat 

Read as a vertical morphism of refinement systems, the Yoneda embedding interprets an object a £ 91 as 
the contravariant presheaf 9l{—, a) over the same category 91. Finally, since any object a £ 91 can also be 
seen as a frmctor a : 1 91 in Cat, let us observe that y : s —> u may equivalently be defined in terms of 

pushforward of the unit presheaf: 

^In this paper we adopt the logical notation Vx.<I)(x, x) and 3y.W(y, y) to denote ends and coends, respectively, rather than the more 
traditional f c&(r, x) and y) of category theory [Kelly 1982). 
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Proposition 3.2. For all a e Ji, we have a) = al in u. 

Proof. Immediate from the definition of pushforwards in u (see Prop. l3.lh . □ 


3.2 The positive representation of a refinement system 


In this section we show that any refinement system t : £) —> 7* has a sound and complete presheaf 
interpretation, in the sense of a fully faithful morphism of refinement systems t —> u. We give a direct 
description of this representation her e, a s well as some examples, and we will provide some further 
motivation of the definitions in Section isisi 


Definition 3.3. For any t-t 5 rpe B, the category B'*'* is defined as follows: 

• Objects are pairs {P A, c : A B) 

a 

• Morphisms (Pi, Ci) ^ (P 2 , C 2 ) are derivations Pi => P 2 such that Ci = e; C 2 . 

e 


Proposition 3.4. The assignment B 1 -^ B"^* extends to a functor : T —> Cat. 

Definition 3.5. For any t-refinement Q o B, the presheaf Q'*'* o B'*'* is defined on objects by 

(P,c) {alP^Q} 

C 


and with the contravariant functorial action transforming any morphism (Pi,ci) —> (Pi/Ci) given as a 
derivation 

a 

Pi^Pi 

e 

such that Cl = e; C 2 into a t 5 ^ing rule (parametric in Q) 

P2=>Q 

Cl 

Pi^Q 

Cl 


derived as 


Pi 


Pi P2=^Q 

e C2 

Pi^Q ' 

e;C2 

Pi^Q ~ 

Cl 

Proposition 3.6. The assignment (Q c B) i-> (B^‘, Q^‘) extends to a functor (-)^‘: T) —> Psh. 

Proposition 3.7. The pair of functors : 7* ^ Cat and (-)^‘ : D Psh define a morphism of refinement 

systems from t to u, i.e., a commuting square 

(-r 


D- 


T ■ 


Psh 


Cat 


(-)" 

As we discussed in Section lz^. any morphism of refinement systems induces a pair of refinement rules and 
typing rules, and in this case in particular we have rules 

Pc A 

p+t p+t ^ Q+t + 

which we call the positive representation of the refinement system t in the refinement system of presheaves. 
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Proposition 3.8. The positive representation oft is sound and complete, in the sense that the morphism of refinement 
systems (-)^‘: t u is fully faithful. 

Remember that we say a morphism of refinement systems is fully faithful when the induced typing rule is 
invertible, in this case meaning that to any natural transformation 

d 

P+t =i. n+‘ 

in u there exists a unique t-derivation 

i+tye 

P=^Q 

c 

such that 

i+tye 

P=^Q 

6 ^ 

P+‘ => Q+t = P+‘ Q+‘ 

c*' c+‘ 

To prove Prop. l3.8l we first observe that the presheaves P'*'* are representable (in the classical sense 
OMac Lane 19711 IIL2]), so that the positive representation factors via the refinement system of pointed 
categories. 

Proposition 3.9. The morphism : t u factors as a morphism : t ^ s followed by the Yoneda embedding, 



where : ID —> Cat. is defined by P"^* = (P,id, 4 ) e A'^^for all P \z A. 

Proof. Immediate from the definitions. (We overload the notation P'*'* to stand both for the presheaf on A'*'* 
and for its representing object, but this is harmless since the aspect of P'*'* we are referring to will always be 
deducible from context.) □ 

Proof of Prop. \3.d By Prop. lT^, it suffices to show separately that each factor (-)'*'*: t ^ s and y : s —» u is a 
fully faithful morphism of refinement systems: 

((-)■'■*: t ^ s is fully faithful.) Suppose given a derivation of P'*'* ==^> Q'*'* in s. By definition of the refine- 

ment system s : Cat, —> Cat and of the functor c'*'* : A'*'* —> B'*'*, such a derivation is the same thing as 
a morphism (P, c) —> (Q, idg) in B'*'*. In turn, it is easy to check from the definition of the category B'*'* 
that such a morphism is nothing but a t-derivation of P => Q. 

(y : s ^ u is fully faithful.) This may of course be reduced t o th e usual Yoneda lemma, but we can also 
establish it directly by using the characterization fProp. lrih of representable presheaves as pushfor- 
wards of thermit presheaf.?!(—, fl) s a I. Consider a s-typing judgment a => given by a pair of objects 

fl e JA and b & S together with a functor P : JA —> S. By the universal property of fhe pushforward, 
u-derivafions of a I b I are in bijective correspondence with u-derivations of I b I. The latter 

F a;F 

correspond exactly to elements of S(P(fl), b), which by definition are the same thing as derivations of 
a b in s. 

F 

□ 
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Example 1. Recall from the Introduction that Hoare Logic can be viewed as a refinement system over a 
category with one object W. With respect to this refinement system, the category ]N^ has pairs (P, c) of a 
state predicate P and a command c as objects, while a morphism 

(Pi, Cl) ^ (P 2 ,C 2 ) 

corresponds to a derivation of a triple {Pi)e{P 2 } for some e such that ci = e; C 2 . Traditionally Hoare Logic is 
seen through a "proof irrelevant" lens, so that a Hoare triple is either valid or invalid, and not much attention 
is paid to the derivation itself. If we adopt that simplifying assumption, then the positive embedding is 
essentially just a set of guarded commands: 

Q^ = {(P,c)|h{P|c{Q}} 

In other words, (P, c) e just in case it is possible to run c in a state satisfying the precondition P to obtain 
a state satisfying Q. 

Example 2. We will formulate the example of sequent calculus for linear logic in a bit more abstract terms 
as follows. To any multicategory 9^, there is associated a free monoidal category M[‘F], whose objects (and 
morphisms) are lists of objects (and morphisms) of and where the monoidal structure on M[^] is given 
by concatenation. Moreover this category is equipped with a forgetful functor |—| : M[‘p'] —> A into the 
(augmented) simplex category (whose objects are finite ordinals and monotone maps), which interprets a 
list of objects by its length, and a list of morphisms as a monotone function. 

Similarly, there is an analogous construction of the free symmetric monoidal category SM[;P'] on a 
symmetric multicategory 'F, where one simply replaces lists by multisets, and the forgetful functor 

l-l : SM[r] ^ Fin 

maps into the category of finite sets and functions (which contains A as a subcategory). 

To model intuitionistic linear sequent calculus along the lines suggested in the Introduction, we will 
assume given a symmetric multicategory F whose objects are linear logic formulas, and whose multimor- 
phisms are sequent calculus proofs. Then, we take the category of contexts to be TL' = SM[7^] and consider 
the forgetful functor |—| : "W —> Fin as a refinement system. Since the one-point set 1 is a terminal object 
in Fin, the category F is equivalent to TV, and the positive embedding of a linear logic formula C (seen as 
a singleton context C iz 1) is the presheaf C'*' on TV defined exactly as in the Introduction (here we write 
!F(r; C) for the set of multimorphisms from T to C): 

c+ = T 1-4 TV(r, C) = F{T-, C) = ! 711 T h CI 


□ 


3.3 Factorization via the free opfibration 

In Prop. l3.9l we explained that the positive representation (-)'*'* : t —> u can be factored as a morphism 
(-)■*■* : t —> s followed by the Yoneda embedding 1 / : s ^ u of pointed categories into presheaves. For 
the interested (and categorically-minded) reader, in this section we provide some further discussion and 
motivation of the embedding into pointed categories, explaining its relationship to the free opfibration over 
a functor, as well as the role played by s : Cat, ^ Cat as a "universal" opfibration. 

We begin by remarking that the category B'*'* can be seen as an analogue of the slice category over B, and 
reduces to the ordinary slice of F over B in the case where t = idT- : 7* —> 7~. As such, we will sometimes 
refer to B'*'* as the t-slice (or "relative slice") of B. Note that the relative slice construction also appears in 
OMaltsiniotis 20051 §1.1.2], where the notation D/B is used instead of B'*'*. 

Remark 3.10. In the case where t = '■ F) 1, the relative slice over the unique object * of 1 is F itself, and the 

positive representation of an object Q e Fis just Q itself when viewed as a refinement in s, or the ordinary Yoneda 
embedding of Q when viewed as a refinement in u. More generally, for any t: F F and t-refinement Q\z B, if B 
is a terminal object in F then B"^* s F, and is represented by the object Q itself. 


13 




The fact that the relative slice functor (—)'*'* : T —> Cat reduces to the ordinary slice functor in the case where 
t is the identity can also be understood in terms of the following decomposition: 


T 


(-)"* 


Cat 


T 




[D°P, Set] 



Cat 


That is, the relative slice functor factors as the nerve of t followed by the category of elements construction. 
Seen as a covariant indexed category encoding an opfibration, this composite is just the free opfibration on 
t, in the sense that the (covariant) category of elements of (-)^‘ : 7* —> Cat is the comma category t J, 7*, 
which has the property that 

1) The projection functor codt: t J, 7* ^ 7" is an opfibration. 

2) There is a (vertical) morphism of refinement systems from t to codt. 


£)■ 


(id,t) 


T-- 


ar 

codt 

■T 


where (id, t) : D —> t J, 7* is the functor sending any Q c B to the object (Q, ids, B). 

3) Any morphism of refinement systems F : t b from t into an opfibration b factors uniquely as a 
morphism F : codt b composed with the morphism (id, t) : t —> codt. 

Next, we can observe that any opfibration has a representation (what one might call the covariant "Grothendieck 
representation") in the refinement system of pointed categories. 


£ 
b I 


d*h 


Cat. 


S 


S -^Cat 

d*h 


where d^h : S —> Cat sends any object X e S to the fiber £x of b over X, while d^b : £ —> Cat, coerces any 
refinement B c X (i.e., an object B e £ such that b(B) = X) into the corresponding element B e £x of the 
fiber category. Note that it is important that b : £ —> S be an opfibration in order for these operations to 
define functors. 

By combining these two separate observations, we get a simple factorization of the positive embedding 
into pointed categories. 

Proposition 3.11. The morphism : t —> s factors as the free opfibration on t followed by the covariant 

Grothendieck representation: 


D Cat. 


D^i^tiT-^^Cat. 


codt 


T- 


i-r 


Cat 


r : 


■ T- 


d'^ codt 


Cat 
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3.4 The negative representation 

Every functor \ T) ^ T induces an opposite functor t°P : £)°P —> and one can consider the positive 

representation of t°P 


D°P 

jop 

7'op 


(-)" 


Psh 


Cat 


(-)" 

as another negative representation of t. Letting (-)“* = : t°P ^ u, this means we have rules 

P A c 


P-* c A- 


Q- 


giving a fully faithful, contravariant embedding of t into u. 

Unravelling the definitions, we can verify that 

• A~* is the opposite of the category whose objects consist of pairs (c, Q) such that c : A —> B and Q c B, 

a 

and whose morphisms (ci,Qi) —» (C 2 , Q 2 ) correspond to derivations Qi => Q 2 such that Ci;e = C 2 . 
Dually to A'*'*, we can read (A“‘)°P as the t-coslice (or "relative coslice") category out of A. 

• For any t-refinement P c A, the presheaf P“* c A“* is defined on objects by 

(c,Q) {alP^QI 


and on morphisms by 


P^Qi Qi 

Cl 


Qi 


Qi => Qi 


P^Qi 

Ci;e 

P^Qi 

Cl 


Note that P ‘ is a contravariant presheaf over A *, and thus a covariant presheaf over the t-coslice 
category. 


By a similar line of reasoning as in Sections l3.2l and l3.3l. we can decompose the negative representation 
(-)“*: t°P —> u into three separate components. 

Proposition 3.12. The morphism (-)“* : t“P —» u factors as a morphism (-)“* : t“P s followed by the Yoneda 
embedding, 


£)0P Psh 


(-r‘ ¥ 

DOP Cat. —^ Psh 


jop 

7'op 


(-)-* 


Cat 


= t“p 

7'op 




Cat: 


Cat 


where (-) *: D°P Cat. is defined by P ^ = (id/i, P) e A ‘/or allP \z A 
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Proposition 3.13. The morphism (-) ‘ : t°P —> s factors as the free fibration on t followed by the contravariant 
Grothendieck representation: 


(-T' 

£)op Cat. 

top S 

r°P-^ Cat 

(-)-* 

Example 3. If we again follow the classical tradition of treating a Hoare triple {P}c{Qj as either valid or 
invalid (with no interesting content to the derivation), then the negative representation of a state predicate 

P" = !(c,Q)|h|P}c(Q|l 

is essentially just the set of all possible continuations of a state satisfying P. 

Example 4. With respect to the refinement system |-| : 'W —> Fin defined in Example^, the relative coslice 
out of 1 has objects (f : 1 —> n, E c n) corresponding to pointed contexts, in the sense that the map z : 1 —» n 
serves to select a distinguished formula A; in F = Ai,..., A„. A morphism of pointed contexts {j, A) —> {i, F) 
(by which we mean a morphism {i, F) —> {j, A) in 1“) corresponds to a linear substitution a : A —> F whose 
underlying function maps j to i, implying that the chosen formula Bj is used (possibly together with other 
formulas of A) as part of the proof of A,. 

To better understand this category, it is helpful to adopt a more evocative notation for pointed contexts. 
For example, we could draw the diagram 


£)op > (T i t)°P > Cat. 


= 

7'op 


dom°^ 

: 7'op 


d dorrit 


Cat 


Ai A2 A3 A4 

• • O • 

to represent the pointed context (i, F) where F = Ai,..., A 4 and i - 3. Any morphism of pointed contexts 


B\ B2 B3 B4 Ai A2 A3 A4 

must have an underlying function mapping 2 to 3, for example like so: 


!•- ^*1 



In particular, a linear substitution constructed over this specific underlying function consists of a collection 
of four proofs of the form 

TCl 712 TC 3 714 

B4 h A4, B4 h A2, B2/B^ h A3, and ■ h A4. 


Now, suppose given a formula A iz 1. Its negative representation A cl corresponds to the presheaf 
which sends any pointed context 

Bi ... Bj ... Bm 
• ... © ... • 

to the collection of morphisms of pointed contexts 


Bi ... Bj ... Bm 
• ... © ... • 


A 

© 
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By definition, such a morphism must contain a proof of A f- Bj together with closed proofs of each of the 

Bi,..., Bj-if Bj+if • • •, Bjfi. 

As a shorthand notation, we can write A[B] to stand for a pointed context with chosen formula B and 
remaining formulas A. Then the presheaf A“ c 1“ is computed on objects by the following expression: 

A“ = A[B] T{A; B) x nV(-, A) 


3.5 Preservation of pullbacks 

We have seen that any refinement system (i.e., any functor) t: !D —> T' may be embedded both covariantly 
and contravariantly into the refinement system of pointed categories. 


and that by composing these morphisms with the Yoneda embedding 



u 


one obtains two fully faithful presheaf representations of t. But why not stop at s? As we will see, the 
benefit of extending the voyage of t and t°P all the way into u is that this refinement system has a much 
richer logical structure than s, which we can apply in order to talk about the original refinement system t. 
By way of illustration, an important property of the positive presheaf representation (-)'*'* : t u is that it 
preserves any pullbacks which may already exist in t. 

Proposition 3.14. Whenever c* Q exists in t, we have (c* Q)"^* = in u. 

Proof. By expanding definitions, the elements of (c* Q)'*'* correspond to t-derivations 

a 

d 

where P c X and d : X ^ A, while the elements of (c''*)* Q'*'* correspond to t-derivations 

iS 



So, the proposition follows from the universal property of the t-pullback. □ 

As an immediate corollary, we have that the negative representation sends (t-)pushforwards to (u-)pullbacks. 
Proposition 3.15. Whenever c P exists in t, we have (cP)~* = (c“*)*P“‘ in u. 

On the other hand, the positive representation need not preserve pushforwards: although it's true that 
the u-subtyping judgment c'*'* P'*'* => (c P)'*'* is valid whenever the pushforward c P exists in t (indeed, this 
is true whenever one has a morphism of refinement systems and the pushforward exi sts o n both sides), 
in general the converse subtyping judgment need not be valid. Fortunately, in Section l4.4l we will show 
that although the positive representation need not preserve pushforwards, it at least preserves them "up to 
double dualization" in u. 


17 







3.6 Preservation of logical connectives up to change-of-basis 

Suppose that t : £) —> 7* is a monoidal refinement system. By definition, this means that 2) and T are 
monoidal and that we have a commuting square 




2 )- 


txt 


TxT 


■T 


(as well as a commuting triangle associated to the tensor unit, but we will ignore the unit in this section, 
since its treatment is completely analogous). Since u : Psh —> Cat is also a monoidal refinement system, the 
positive representation of t thus induces a cube 


Psh X Psh 


Cat X Cat 


2)x2)- 


a I 

Psh 


■ r XT' 


2 )- 


Cat 


■T 


where all but the left and right faces marked a and h commute strictly. 

These latter faces need only commute in the lax sense that there are natural transformations 

2) X 2) > Psh X Psh T XT > Cat x Cat 


'(l-m 


'(I'm 


D- 


(T 


Psh 


T- 


(-r 


Cat 


and moreover the natural transformation on the right is the projection of the one on the left along the cube, 
this meaning that we have a family of functors 


and a family of u-derivations 


niBi,B 2 • X Bj* —> (Bi • 82 ^ 


, J^Qi,Q2 

Qi‘*Q2 ^ (Qi*Q2)" 


( 1 ) 


( 2 ) 


natural in Qi c Bi and Q 2 c B 2 . Explicitly, the functors ffigj are defined by the action sending any pair of 
objects 

{Pi, Cl) (P2/C2) 

(where Pi c Ai, ci : Ai —> Bi, P 2 c A 2 , C 2 : A 2 ^ B 2 ) to the object 

(Pi •P 2 ,Ci •C 2 ) 

while the natural transformations wiqj Qj are defined by the action sending any pair of t-derivations 


a\ a2 

Pi Qi P2 => Qi 
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to the t-derivation 


ai a2 

Pi => Qi Pi => Qi 

Cl C2 

Pi • Pi => Qi • Qi 

Cl»C2 

We can summarize all this by saying that the positive representation is a lax morphism of monoidal 
refinement systems in the expected sense. 

From this it follows for purely formal reasons thaf when t is a logical refinement system (i.e., it is 
monoidal and strictly preserves residuals) we can likewise build functors 

aA,c : (A \ C)^‘ ^ \ C+‘ (3) 

whenever the corresponding residual A\C exists in 7~, and u-derivations 

(P \ R)+‘ ^ P+‘ \ R+‘ (4) 

f^A,C 

whenever the residual P\R exists in D. For example, we can define by 


aA,c = '^[mA,A\c'Jevat^] 


and fhen consfruct fhe derivations as follows: 


P,{P\R)^ R 

leval 


P+' . (P \ R)+‘ ^ (P . (P \ R))+‘ 


(P . (P \ R))+‘ ^ 

leval'*'^ 


leval 


+t 


P+*.(P\R)+‘ ^ 

m; 

(P \ R)+‘ ^ P+‘ \ 


Finally, we also have 

(R / Q)"‘ ^ R"‘ / Q^‘ (5) 

"b,C 

defined in the analogous way. Again, all this can be summarized as saying that the positive representation 
is a lax morphism of logical refinement systems. 

However, we can actually establish a much better property about the positive representation, which says 
that in a certain precise sense it strongly preserves the logical structure of t, but only "up to change-of-basis". 

Proposition 3.16. Let P \z A, Q B, R \z C be refinements in a logical refinement system t. Then all of the following 
vertical isomorphisms hold in u, where (2) and (3) are conditioned on the assumption that the corresponding residuals 
exist in t; 



(a) 


(b) 

{R / Qr ^ a'g/{R^^ / 

(c) 
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Proof. We can give a purely formal calculation of ([aj: 


mA,B (P^‘ • Q^‘) = mA,B (P^‘ I • Q^‘ I) 

^mA,B 

^mA.B (P^‘»Q^‘)f 
= (P^‘.Q^‘;mA,B)f 
= ((P,idA) • (Q,idB);?WA,B)f 
= (P • Q, idA • idB) I 
= (P • Q, id a.b) I 

^{p*Qrn 

= (p-Qr‘ 

For 10, through similar reasoning we can derive that 

aA,c (P^‘ \ R^‘) = Kc; (P^‘ \ idc))* 


(Propositions b.j and 3.9 ) 
(Prop. 2.4 ) 
(ts/.t) 
(Prop.Q 

(defn. of P+‘ and Q+‘) 
(defn. of mA,B) 
(idA.B = idA • idB) 
(defn. of (P • Q)+‘) 
(Propositions Is. 2 I and 3.9 ) 


and by expanding definitions we can compute that the elements of the presheaf on the right correspond to 
derivations 


P«Q 



id^d 


R 


where Q c B and d : B A \ C. But then the universal property of the left residual in t says that these 
derivations are in one-to-one correspondence with the elements of (P \ Ry^. The case of Q is similar. □ 

In categorical language, an equivalent way of stating Prop.is that the morphisms 


mp,Q : ^ (P . Qy 

ap,R:iP\Ry ^P^\R-^ 

: (R / Q)^ ^ RV 


which come from the lax monoidal structure of the functor (—)'*'*: D —> Psh are in fact opcartes ian, c artesian, 
and cartesian, respectively, relative to the functor u : Psh —> Cat. As a consequence. Prop. l3.16l is really 
an analogue of Day's embedding theorem for monoidal categories (Day 1970|1, generalized to the case of 
logical refinement systems. 


Remark 3.17. Consider the case where D is a monoidal category and t = I© : 2) —> 1 (c/ Remark lsd^ . In this case 
there is a single functor : IDx D ^ D corresponding to the tensor product on D, and we get a type-theoretic 
decomposition of the "Day construction" \Day 1970\ \Kelly 1982\, which transports any monoidal category into a 
closed monoidal category. In particular, the operation of taking an ("external") tensor product of presheaves and 
pushing forward along m defines an ("internal") monoidal structure on the presheaf category [D°P, Set], while the 
operations of taking an ("external") residual and pulling back along the functo rs a o r a' (which are the left/right 
carryings ofm) places an ("internal") closed structure on [2)°P, Set]. Thus, Prop. \3.1^ specializes to the fact that the 
Yoneda functor preserves the monoidal structure of ID, as well as any closed structure which may exist. 


Moreover, this remark can be extended to the general case of a monoidal refinement system t : 2) —> 
7~. We have shown in jMellies and Zeilberger 20151 that in any such refinement system with enough 
pushforwards, the fiber Dw of any monoid W in 7” comes equipped with a monoidal structure defined by 
pushing forward along the multiplication map p : W • W W: 


P®wQ = p(P-Q) 


(P,Qc W) 
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The positive representation induces (by restriction) a functor 

(-)^:Dw^[(W+)°P,Set] (6) 

from the fiber of W into the presheaf category over . Moreover, the category inherits a monoidal 
structure from the monoid W, defined as: 


W+ X 


mw,w 


■(W« W)" 


p" 


Y/+ 


The associated presheaf category [(W''')°P, Set] comes thus equipped with a (closed) monoidal structure 
provided by the Day tensor product. Now, the functor ([bll is in general only lax monoidal, with the coercion 
morphism 

(Sw- Q-"-^ {P ®w QV 

constructed by applying the universal property of P'*' ®iv+ (defined as the u-pushforward of P'*' • Q'*' 
along (otw,w;P'^)) to the composite derivation 

mp,Q 

P^-Q^=^(P.Q)^=^(P®w Q)^ 

mvi.w p* 

where the right-hand derivation is built by applying the positive representation functor to the derivation 

a 

P • Q ^ P ®w Q 

V 

coming from the definition of P ®vv Q as a t-pushforward of P • Q along p. 

Proposition 3.18. Let Y/bea monoid in a monoidal refinement system t with enough pushforwards. Then the functor 
(-)'^ : Dw [(1V'^)°P, Set] is lax monoidal. In particular, the subtyping judgment P"^ ®w+ (P Q)"^ is 

valid (in u : Psh ^ Set)/or all t-refinements P, Q c W. 

Since the derivation mp^Q is cocartesian (Prop. lST^ . the coercion P"^ ®w+ > (P Q)"^ is an isomorphism 

just in case the positive representation transports the cocartesian deriv ation a to a cocartesian derivation . 
This is precisely what happens in the special case discussed in Remark Is.lTl. where p is equal to the identity. 

In the case of a logical refinement system t : 2D —> 7~ with enough pullbacks, the fiber is not just 
monoidal, but also closed jMellies and Zeilberger 20151, with the residuals defined by pulling back along 
the left and right curryings of the monoid multiplication map: 


P-^wR = A[p]* (P \ R) 

Rw-Q"p[pr(R/Q) 

There are two canonical coercion morphisms 

(P -ojv R)^-^ P^ -°w+ R^ and (R Q)^ 


(P,Riz W) 
(Q,Rc W) 




Q" 


induced by the lax monoidal structure of which can be constructed as the composite derivations 

(R -owR)" 


and 


(R Q)'' 




^P,R 



■ 

{p\Ry 


p^ 

\R^ 

(mr 

aw,Y/ 



(R/ar 

"as 



=> 


R+ 

/Q" 

(pip]y 

‘^w,w 



where ai and a 2 are the cartesian derivations coming from the definition of P -ow R and R vv°~ Q as 
pullbacks. One key differe nce w ith the previous situation is that the positive representation preserves all 
cartesian morphisms (Prop.|3T4 ), which implies that the two coercion morphisms are in fact isomorphisms. 
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Proposition 3.19. Let Wbea monoid in a logical refinement system t with enough residuals and pullbacks. Then the 
functor (-)^ : !Dw [(W^)°P, Set] preserves residuals. In particular, we have vertical isomorphisms {P -ow = 
P'^ -ow+ and (i? w°- Q)"^ = R'^ w+o- Q+ for all t-refinements P,Q,Rc: W. 


4 Duality and negative translation 

4.1 Overview 

The definition of the linear implications P —o^v R and R Q relative to a monoid W are in fact instances of 
a more general pattern, which can be implemented in any logical refinement system b : £ —> S with enough 
residuals and pullbacks. Suppose given an arbitrary binary operation 

piXmY^Z 

in the basis S. Then every refinement R c Z defines a pair of dualization operators 

P^ = A[pY (P \ R) 

^Q = p[pnR/Q) 


(PCX) 

(QC Y) 


inducing a contravariant adjunction 


(-h 



h-) 


between the refinements of X and the refinements of Y, as witnessed by the following equivalences of typing 
and subtyping judgments: 

P,Q=^R p,Q=^R 


V 


V 




P\R 
> P-L 


Observe that we don't require that p be the multiplication of a monoid W in order to implement this pattern, 
although of course we can apply it in that situation. 

For example, consider this construction in the refinement system u : Psh ^ Cat, applied to a monoidal 
category C seen as an object of Cat having a tensor product operation p : C xC ^ C. In that case, the fiber 
associated to C is the presheaf category [C°P, Set], and given a fixed presheaf R e [C°P, Set] one recovers 
a familiar pattern from the theory of linear continuations iThielecke 19971 [Mellies 20121 : a contravariant 
adjunction 

— oR 

[C°P, Set] ± [C°P, Set]°P 

Ro — 


induced by negation into R, where the definition of the two dualization operators coi ncide s with the biclosed 
monoidal structure on [C°P, Set] equipped with the Day tensor product (cf. Remark b.lTl) . 

But besides the connection with linear continuations, the situation is also strongly reminiscent of Isbell 
duality lllsbell 19661 between the categories of covariant and contravariant presheaves over a given category 
C. In that case, however, while still working in the refinement system u : Psh —> Cat, one takes 


X = C Y = C°P Z = C X C°P p = id : C X C°P C X C°P 
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together with R - C(—, —) the hom-bimodule of C. Then one recovers the contravariant adjunction 


(-h 

[C°P, Set] _L [C, Set]°P 

h-) 

called Isbell conjugation BLawvere 20051 §7], which transforms any contravariant presheaf info a covarianf 
one, a nd vice versa. Expanding fhe definitions of the refinement type constructors in u : Psh —> Cat 
(Prop. ls^ , these conjugation operations can be computed explicitly by the following end formulas: 

(/)■'■ = 1 / H-4 Vx.(p(x) —> C(x, y) 

= X Vy.4>(y) ^ C(x,y) 

One fascinafing observation by Isbell is that every pair of represenfable presheaves 

= C{-,a) : C°P Set 
a~ - C{a, -): C —> Set 

generated by the same object a eC form a dual pair, in fhe sense thaf 

a'^ = ^{a~) and a~ = (7) 

as can be verified by direct application of the Yoneda lemma: 

C{x,a) = 'iy.C{a,y) C{x,y) 

C(a, y) = Vx.C(x, a) C(x, y) 

Although the equations ijZll may appear counterintuitive if one thinks about the traditional way of working 
with continuations, the philosophy of Isbell duality says that one can find objecfs which are invariant with 
respect to double dualization, provided that the answer type R is sufficiently large and discriminating. 

In the specific case of classical Isbell duality, the operation p is trivial, and the role of R is provided by 
the hom-bimodule. Our main theorem in this section states that an even more general Isbell-style duality 
arises for refinement systems, in the sense that any refinement P c A in an arbitrary refinement system t 
gives rise to a dual pair 

p+t [- ^+t p-t 

in the refinement system of presheaves. We then develop one application of this theorem, showing how it 
can be used to explicitly calculate the positive representation of a pushforward, through a sort of negative 
encoding analogous fo the classical double-negation translations of firsf-order logic info intuitionisfic first- 
order logic. As a consequence, we also obtain a negative encoding of the positive representation of a 
fiberwise fensor product, as the double dualization of a Day fensor producf. 

4.2 The category of judgments and the presheaf of derivations 

Again, we suppose given an arbitrary refinement system t: £) —> 7*. 

Definition 4.1. The category of judgments T"*** is defined as follows: 

• objects are t-typing judgments: triples (P, c, Q) where P c A, c : A —> B, and Q c B. 

• morphisms (Pi, Ci, Qi) —> (P 2 , C 2 , Q 2 ) are pairs of t-derivafions 

P y 

Pi Pi Q 2 =» Qi 

e e' 

such that Cl = e; C 2 ; e'. 
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Definition 4.2. The presheaf of derivations is the refinement c T’'^^ in u : Psh ^ Cat defined by 


2)«‘ = (P,c,Q)H4 {a|P=>Q) 


on objects, and with the functorial action transforming any morphism (Pi, Ci, Qi) 
as a pair of t-derivations 

^ y 


Pi 





Qi 


such that Cl = e; C 2 ; e' into a typing rule 

P2 Qi 

Cl 

Pi=^Qi 

Cl 


derived as 


^ 7 

Pi => P2 P2 => Qi Qi => Qi 

e C2 e' 


Pi Qi 

e;c2',e 

Pi=^Qi 

Cl 


(Pi, C2, Qi) in T"*** given 


Remark 4.3. The category of judgments 7”*** can be seen as an analogue of the "twisted arrow category" of T 
iMac Lane 1971J (see also iLawvere 1970\ p.ll] and hMaltsiniotis 20051 §1.1.18]), reducing to the opposite of the 
usual twisted arrow category ofT in the case t = id 7 “. 

Remark 4.4. In the case where t - In, : !D ^ 1, the presheaf of derivations of t reduces to the hom-bimodule 
£)h = tD(-, —) (noting that in that case 7**** s D x tD°'P). 

Example 5. For the Hoare Logic refinement system, the category of judgments has objects corresponding 
to Hoare triples, and has a morphism 


(PllCllQl) ^ {P2lC2{Q2l 

whenever ci can be factored as ci = e; C 2 ; e' for some e and e' such that the triples 

{Pi}e{P 2 ) and {Q 2 le'{Qi} 

are valid. In particular (in the case where e and e' are equal to the identity), this means that includes 
morphisms between Hoare triples generated by inverting the "Rules of Consequence" BHoare 19691 , i.e., 
that there is a morphism 

IPllcjQl) ^ {P2lc{Q2} 

whenever t- Pi D P 2 and H Q 2 D Qi. 

4.3 The duality theorem 

We begin by d efining a family of bracket operations, which will play the role of "p" in the template described 
in Section lrii 

Definition 4.5. Let B be a t-type. The B-bracket is the functor ©g : B^‘xB“‘ ^ 7~**‘defined by ®B((P,c),(<i,R)) = 
iP,(c;d),R). 
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One way to understand the family of bracket operations is as an extranatural transformation from the external 
product of the relative slice and coslice functors 

(-y‘x(-r' X 

T X T°P > Cat X Cat Cat 

into the category of judgments, in the sense of 

Proposition 4.6. For any t-term c : A ^ Bwe have (c"^* x idg-i); ©g = (id, 4 +t x c“‘); @, 4 . 

Moreover, although we will not need this fact, the extranatural transformation is universal in the sense that 
it exhibits the category of judgments as a coend s 3A.A'''* x A~* BMac Lane 19711 see exercise 3 on p. 227 
for an analogous remark]. 

Following the general pattern described in Section lld]. we can use the B-bracket in combination with the 
presheaf of derivations to build a contravariant adjunction 

(-)" 

[(B+‘)°P, Set] ± [(B-‘)°P, Set]°P 

h-) 

between presheaves over B'*'* and presheaves over B“‘, where the dualization operators are defined by 

= A[®Br((j)\£)#‘) ((j)cB+‘) 

Moreover, we can establish an Isbell-like duality between the positive and negative representations, rely ing 
on t he f act that both can be expressed as pullbacks of the presheaf of derivations. Recall from Sections l3.2l 
and l3.4l that every t-refinement Q n B induces a pair of objects Q'*'* e B^‘ and Q“‘ e B“*, which represent 
the corresponding presheaves Q'*'* c B'*'* and c B“‘ in u : Psh —> Cat. Given such a t-refinement Q o B, 
define two functors kg : B^‘ 7**** and vq : B“‘ ^ T"*** by 

kg “ (idg+t X Q“‘); ©g and vg = X idg-.); ©g. 

Lemma 4.7. For any t-refinement Q\z B,we have s kg and s vg* 

Proof Expanding definitions, kg and vg reduce to the following actions on objects: 

kg = (P,c) (P,c,Q) 

Vg = {d,R) i-» {Q,d,R) 

The identities s kg* and Q“‘ = vg* are immediate by definition of □ 


Theorem 4.8. For any t-refinement Q\z B,zve have Q ‘ s and = "‘'(Q *)• 

Proof. The proof is similar to the proof of Prop. lST^ We show one case (the other is symmetric): 


(Q«)^ = A[©g]‘ (Q"‘ \ 2)#‘) 

= A[©gr(Q"‘l\2)#‘) 

= A[©gr(Q"‘\id)‘ (f\2)#‘) 
= A[©gr(Q^‘\id)‘2)#‘ 

= (A[@B];(Q^‘\id))’£)#‘ 

= ((Q^‘xid);©g)‘£»#‘ 

= Q“‘ 


(Propo.sitions l 3 . 2 l and 3.9 ) 


(Prop. l 2 . 4 l) 
(Dt*‘ s I \ 


(Prop.l2.1l) 
(f conversion) 
(Lemma k.Tl) 
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Remark 4.9. When i = : D 1, the operations (p i-> cp-‘- and p -‘-p reduce to Isbell conjugation between 

the category [D°P,Set] of contravariant presheaves and the category [D, Set]°P of op'd covariant presheaves, and 
Thm. l4.g| reduces to the fact that Isbell conjugation restricts to an equivalence on representable presheaves. 


4.4 Negative encodings 


We begin by proving a useful lemma. 

Lemma 4.10. For any t-term c : A ^ B and presheaf p \z we have (c“‘)* p^ = p)'‘~. 

Proof The reasoning is similar to the proofs of Prop.and Thm. liisl except for the appeal in the middle 
to extranaturality of the bracket operations: 


(c^»^s(A[@B];(c"‘\id))‘((/,\D#‘) 

s(c^‘.id;®B)‘((|)\2)#‘) 

s(id.c-‘;®A)‘ {p\n^') 
s(c-‘;A[®a])‘(<|)\2)“‘) 


(Prop. 14.61) 


□ 


A more conceptual way of understanding the lemma is as follows. Given any term c : A ^ B in 7”, pulling 
back and pushing forward along the functors c'*' and c~ induces a pair of adjunctions 

C"*" C~ 

[(A+)°P,Set] _L [(B+)°P,Set] [(B-)°P,Set] _L [(A-)°P,Set] 

kh' (c-)' 

which may be combined with the adjunctions induced by the dualization operators to build a "thickened 
square": 

(-)" 

[(B+)°P, Set] ± [(B-)°P, Set]“P 

\ 

H c-op 

/ 

[(A+)°P, Set] ± [(A-)°P, Set]°P 



H-) 

Beware: not all paths along this diagram commute! However, Lemma k.lOl says that travelling from the 
lower left corner to the upper right corner along the outer face is equivalent to travelling with the same origin 
and destination along the irmer face. Moreover, from the existence of fhe adjunctions we can automatically 
derive the following statements, which summarize what happens when one takes different paths along the 
square. 

Corollary 4.11. For any t-term c : A B and presheaves p c B“‘, p \z B"^*, and a c A“‘; 
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(a) 

(b) 

(c) 

















Proof. ||all follows immediately from Lemma [4.10l since the two composite functors (c'*'*)* ) and 

are right adjoints to the two composite functors (-)'’■ o c'*'* and (c“‘)* o Likewise, (|b]l and Ijc) follow 

automatically as mates [Kelly 1982[ §1.11] of the subtyping relations 

(c”‘)* (/)■'■=> (c^‘(/))"'■ and -‘-f ^). 

Let us nonetheless observe, though, that ||bj and Ijcj are equivalent to the fact that the following typing rules 
are valid in u : Psh — > Cat: 


p •!/;=> £)ttt 

®B 


I • a => 

®A 


p • (c ^\p) (p) • (c *)* a 

©A ®B 


The rule on the left, for example, can be derived as follows: 




L{cy 


p^p 

id„- 


id 


{c^yp»p =f p»p 

c+xidg- 


I • p 

®B 


(c "^)*p •p => D*** 

(c+xidB-);@B 

(c"^)* p»p => 

(id^+ xc-);®yi 


Prop. 14 


— L(id X c ) 

(id,4+ X c )((c'^)’ p •p) 

-- Prop.Q 

{c^y p • (c p) => 

®A 


□ 


As we mentioned at the end of Section ItsL the positive representation does not in general preserve push- 
forwards, although there is always a coercion c'*' P'*' (c P P w henever the pushforward c P exists in 
t : D 7~. Similarly, as we discussed at the end of Section given a monoid W in 7*, the induced 
fiberwise tensor product on !Dw is not strictly mapped by the functor (-)'^ : Dw —> 1(17'^)°^, Set] to the 
Day t ensor product 0w+ / although we have a coercion P'*' ®vv+ (P 8>w Q) ^ for all t-refinements P,Q\z W 

(Prop. lSTSi) . One could say that the situation with pullbacks c* Q and fiberwise resi duals P - owP a ndPw°- Q 
is nicer, since they are both preserved by the positive representation (Propositions l3 . l3 and IST^ . However, 
things are not as bad as they seem for pushforward and fiberwise tensor product, because as we alluded to 
earlier, this discrepancy may be resolved "up to double dualization", by appeal to the Isbell duality theorem 
for type refinement systems. 

Proposition 4.12. Whenever the pushforward c P exists in t, we have 

(cPr‘s^((c-Tp-‘) (a) 

(cP)+‘=-"((c-'‘p-'‘)-") (b) 


Proof We can derive equation (Ja) in two steps: 

(Thm. liisl) (Prop. l3.15l) 

{cPy^ = -"(cP)-‘ = 


^((c-Tp-*) 


Then equation 10 follows in two more steps from Ija): 

(Thm. li!^ (Lemma [ 4 . 10 !) 


^((c^‘P^‘)^) 


□ 
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Proposition 4.13. Let W be a monoid in a monoidal refinement system with enough pushforwards. Then for any 
t-refinements P, Q c W, we have {P ®w+‘ 

Proof. We have that 


P^‘ Q^‘ = (mw.wiP^) (P^ • Q^) 

S p+ mw,w {P^ • Q^) 

^P^{P*Qr 


(ProD.l2.l[) 
(Prop. 


3.16) 


and moreover P®vv Q = p{P * Q)/ so that the proposition follows as a 


corollary of Prop.|4d2. 


□ 


Example 6. In Hoare Logic, a pushforward c P is called a strongest postcondition BGordon and Collavizza 20T0l 
see §2]. Although in general strongest postconditions need not exist, it is easy to check that in the case when 
c P does exist, its positive representation 


(cPr = |(P',C')|H{P')C'{CP}) 


(as computed in Example [ll) contains 


exactly the same guarded commands as 


^((C-)‘P-) = {(P',c') I V(d,R). {P)c;d|R| h |P'|c';d{R}}. 


Conversely, this latter formula provides a way of reasoning using strongest postconditions, even when they 
do not exist. □ 


Example 7. Let A,B e be two formulas of linear l^ic, considered as singleton contexts A c 1 and Bel 
in the refinement system |—| : 'W Ein of Example^ The object 1 is a monoid in Fin, with multiplication 
p : 2 —> 1 defined as the unique map from the two-point set onto the one-point set. In linear logic, the left 
introduction rule 

A,B,T\-C 
Ag)B,r h C 

for multiplicative conjunction is invertible, in the sense that it induces a bijection between the proofs of 
A,B,T C and the proofs of A ® B, P h C (considered up to the appropriate equational theory). Taking T to 
be empty, this ensures that the pushforward p (A, B) exists in |-| : "W —> Fin, and is given by the formula 
A ® B iz 1. Since this pushforward exists for every pair of formulas, by Prop. ISASi there is a lax monoidal 
functor 

(-)"■ : AVi [aV°P, Set] 

(recall that 'W is equivalent to I'*'), with a coercion 

A+ g)+ B^ {A® B)+ 


for every A c 1 and Bel. Here we write ®+ for the Day tensor product on [AV°P, Set], which can be 
computed as 

(p®+-ip " {miy, p^) {(p»f;) = (cp • i/^) 

for any pair of presheaves (p,ip c. AV, where m i i :f W x 'W 2'^ is the functor defined by the lax monoidal 
structure of (-j"^ : Fin ^ Cat (see l(l]l in Section H^ . In particular, we have that A"^ ®+ B"^ s mi^i (A"^ • B"^). 

Now, an object of 2'^ (namely, a context Ten together with a function / : n —> 2) is nothing but a 
partition of a context T into two disjoint pieces Ti and T 2 , which may be notated conveniently as a shuffle 
T = Ti LU T 2 - So, the functor mi^ : ’W X 'W 2^ is the operation which takes a pair of contexts Ti a nd T?, 
into the corresponding partition T = (ri,r 2 ) of a single context into two contiguous pieces. By Prop. lSA^ 
we know that m^i (A'*' • B'*') s (A, B)^, and the latter simplifies to 

(A, B)+ = Ti LU Tz 'W{Ti,A) x ^(r 2 , B). 
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Next, consider the pu shfo rward of (A, B)'*' along ^ I'*'. By the coend formula for pushforwards of 

presheaves (see Prop. ls^ . the presheaf j.i''' (A, c AV may be calculafed as follows: 

(A,B)^ = T^ 3ri,r2.w,(ri,r2)) x WuA) x W 2 ,b) 

There is no reason why this presheaf should be isomorphic to 

(A ® B)+ = r AV(r, A g) B). 


In particular, a counterexample is provided by evaluating both presheaves at the singleton context T = A g B, 
since one can certainly prove A g B h A g B, but in general there is no way to split T into a context proving 
A and a context proving B. _ 

On the other hand, Prop. lT12 ibll tells us that this mismatch is accounted for by taking a double dual: 


(AgBr s^((P^(A,B)Y) (8) 

By Lemma and Thm. lr^. Equation ||8ll is equivalent to 

(AgBr s^((p-)*(A,Bn (9) 

which can be derived from the simple equation 

(AgB)-s (p-)*(A,B)- (10) 

by one a pplica tion of Thm. l4.8i Equation ifl^ itself follows from the definition of A g B as a pushforward 
and Prop. IrT^ In order to understand this equation, recall from Example0thaf 1“ is the category of poinfed 
confexts, and thaf fhe negafive representafion (A g B)“ c 1“ is defined by the action 


A[C] i-> r{A ®B;C)x AV{-, A). 


In other words, (A g B)~ transports a pointed context A[C] into the set of fuples consisting of a proof of 
A g B [- C fogether wifh a closed proof of each formula in A. A careful computation shows that (/.(“)* (A, B)“ 
is defined by the action 

A[C] !F(A, B; C) x AV(-, A). 

So Equation ll^ reduces to the fact that the left introduction rule gL is invertible. In particular, observe 
that whereas we could distinguish (A g B)'*' from p'*' (A, B)'*' by considering the context T = A g B, their duals 
(A g B)~ and (p“)* (A, B)“ carmot be distinguished by pointed contexts. 
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A Proof of Prop. 12.2 

We complete the proof of Prop. 123 by showing that the typing rules LG[c]* and RG[c]* defined by 


P G[Q] 

d;G[c] 

F[P] FG[Q] 

Fld];FGlc] 


FG[Q] Q 


f[P] Q 

f[d];FG[c];o 

F[P] Q 

F[d])o;c 

F[P] ^ c*Q 

F[d]-,o 


Rc* 


GF[P] 


Lc* 


GF[P] G[c* Q] 

Gf[rf];G[o] 


c 

G[c*Q]^G[Q] 

G[c] 


p G[c* Q] 

i;Gf[d];G[o] 

P=^G[c*Q] 


satisfy the |3 equation 


P G[Q] 

d;G[c] 

P^Glc'Q] 

a 


RG[c]* 


G[c-Q]^G[Q] 

G[c] 


LG[c]* 


P G[Q] 

d;G[c] 


as well as the q equation 


P^G[c-Q] G[c*Q]^G[Q] 

d G[c] 


= p=^g[Q] 

d;Glc] 


LG[cY 


G[c*Q] = 


P ^ G[Q] 

d;G[c] 

P^Glc'Q] 

d 


RG[c]* 


In both cases, we establish these equations by showing a series of typing derivations, with each successive 
derivation related to its predecessor by an elementary step of reasoning. 

A.l The jS equation 


P ^ G[Q] 

d;Glc] 


PG[Q]^Q 

F[d]iFG[c] OB 

ffP] ^ 0 

F[d];fG[c];OB 


F[ii];o,i;c 

f[P] ^ c*Q 

Fld];OA 


RG 


P => GF[P] 

'X 


GF[P] ^ G[c* Q] 

GF[d]fi[0A] 


p G[c‘ Q] 

.x;GF[d];G[o,l] 

F^G[c*Q] 

d 


p G[Q] 

d;G[c] 


Lc* 


c 

G[c‘Q]^G[Q] 

G[c] 
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p g[Q] 

d)G[c] 

F[P] FG[Q] 

F[d];fG[c] 


FGIQ] Q 

OB 


F[P] Q 

FldlFGlclfiB 

F[P] Q 

F[d];OA;c 

F[P] ^ c*Q 

m-fiA 


Rc' 


P => GF[P] 

'X 


GF[P] ^ G[c* Q] 
GF[d];G[»A] 


Lc' 


p G[c* Q] 

,x;GFM;G[oa] 


C'Q^Q 

c 

G[c*Q]^G[Q] 

G[c] 


p G[Q] 

,x;GFM;G[oa];G[c] 

P ^ G[Q] 

d;G[c] 


p g[Q] 

d;Glc] 

f[P] ^ fg[Q] 

F[d];fG[c] ^ 


FGIQ] Q 

OB 


F[P] ^ Q 

FldlfClclfiB 

Q 

F[d]A)A:c 

F[P] ^ c*Q 

F[d]PA 


Rc' 


Lc' 


GP[P] ^ G[c* Q] 

GF[d]fi[ 0 A] 


GQ^Q 

c 

G[c*Q]^G[Q] 

G[c] 


P => GF[P] 

<x 


GF[P] ^ G[c‘Q] 

GF[dlGlOji\;G[c] 


p G[Q] 

ix;GF[dl;G[0Al;G[c] 

P ^ G[Q] 

<i;G[c] 


p g[Q] 

d;G[c] 

F[P] ^ FG[Q] 

F[d];FG[c] 


FG[Q] Q 

OB 


F[P] ^ Q 

f[ii];FG[c];£iB 

F[P] ^ Q 

F[d]:oA:c 

F[P] c'Q 

F[d];o^ 


Rc' 


GQ^Q 


Lc* 


p GF[P] 

fx 


GF[P] G[c* Q] 

GFldlGMGlc] 


p G[Q] 

.x;Gf[d];G[o^];G[c] 

P ^ G[Q] 

d;Glc] ^ 
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0 


p g[Q] 

d;G[c] 

F[P] FG[Q] 

F[d]:FGlc] 


FGIQ] Q 

OB 


P => GF[P] 

IX 


F[P] ^ Q 

f[d];FG[c];OB 

F[P] Q ~ 

Fld];OA‘c 

GF[P] ^ G[c* Q] 

GFldlGMGlc] 


p G[Q] 

ix;Gf[d];G[o^];G[c] 

P ^ G[Q] 

d-,G{c\ ^ 


p g[Q] 

d;G[c] 

F[P] ^ FG[Q] 


FG[Q] Q 

OB 


F[P] ^ Q 

f[dl;FG[c];OB 


P => GF[P] 

lx 


GF[P] ^ G[c* Q] 

GF[d];GFG[c];G[£iB] 


p G[Q] 

ix;GF[<i];GFG[c];G[»Al 

P ^ G[Q] 

d;G[c] ^ 


p => G[Q] 

d:Glc] 
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A.2 The 7 ] equation 


P=fG[c*Q] 

d 


P^G[c*Q] 


FG[c*Q]^c*Q 

“A 


P ^ GF[P] 

IX 


FG[c*Q] ^ G[Q] 
Fld]^A 

GF[P] ^ G[c-Q] 

GF[d];G[»Al 


p => G[c' Q] 

ix;GfM;G[0A] 

P^G[c'Q] 

d 


P^G[c*Q] 

d 

f[P]^FG[c*Q] 

F[d] 


FG[c*Q]^c-Q 

“A 


FG[c-Q] ^ G[Q] 
Fld]d>A 


c'Q^Q 


FIP] Q 

F[d]A)A^c 

f[P] ^ c*Q 

f[<i];»A 


Pc* 


P ^ GF[P] 

lx 


GF[P] ^ G[c* Q] 

Gf[<i];G[»^l 


p ^ G[c* Q] 

ix;GF[rf];G[»yil 

P^G[c*Q] 

d 


Lc* 


P GF[P] 

IX 


P^G[c‘Q] 


FG[c*Q]^c*Q 

OA 


c'Q^Q 


FG[c*Q]^G[Q] 

oa;c 


FIP] Q 

Fld];OA:c 

F[F[^~GQ 

m-fiA 


Rc' 


GF[P] ^ G[c* Q] 

GFld],G[cA] 


p G[c* Q] 

ix,GFld]-,Gl0A] 

P^G[c*Q] 

d 


Lc* 
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c-Q^Q 


P => GF[P] 

'X 


P^G[c'Q] 

a 

F[P]^FG[c-Q] 

F[d] 


G[c*Q]^G[Q] ^ 

G[c] 

FG[c*Q] =^FG[Q] ^ FG[Q] : 

FG[cl 

rc[GQ] ^ G[Q] 

FG[c];Ob 


f[P] ^ Q 
FM;FG[c]:ob 

Q ~ 

F[ii];o^;c 

- Rc' 

F[P] => c*Q 

F[d]:o^ 

GF[P] S G[c- Q] 

GF[il:G[o^] 


P^G[c'Q] 

a 


P => GF[P] 

'X 


P^G[c'Q] G[GQ]^G[Q]^ 

d G[c] 

F[P]^FG[c-Q] ^ FG[c*Q] =^FG[Q] ^ 

FM FG[c] 

F[P] => FG[Q] ' 

FMFGW 


FG[Q] ^ Q 

Ob 


F[P] Q 

F[d]fG[c\>,B 

Q ~ 

F[d];o^:c 

- Rc* 

F[P] GO 

F[d]:OA 

GF[P] ^ G[c* Q] 

GF[dI;G[o^] 


P^G[c'Q] 

d 


c'Q^Q 

P^G[c*Q] G[c‘Q]^G[Q] ^ 

d G[c] 

P ^ G[Q] ' 

ci;G[c] ^ 

f[P] ^ FG[Q] ^ 

F[<i];FG[c] ^ 
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